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Suppose you already know how to treat one-particle quantum-mechanical systems, and now you wish to
go big, go statistical, or maybe go to fields. It is therefore necessary to understand systems with multiple
(identical) particles, and how to represent them mathematically.

The fundamental hypothesis here is that particles of the same kind are indistinguishable. The question
of how reasonable this hypothesis is is “a good question... for another time”, so very much like The Force
Awakens’ writers, I will put a shade on that lamp, ignore the issue, and move on In the end, we should not
say that “particle « is in state x and particle b is in state y”’; at most we should say “there are two particles,
one in state x and one in state y”. How do we go about describing these systems mathematically, given that
we already know how to describe a one-particle system? It seems cumbersome to try and work out how to
mathematically write the second statement, whereas the first one seems simpler if we already know how to
state that ““a particle is in state x”’ and “a particle is in state y”.

Then what we will do is write “particle a is in state x and particle b is in state y” mathematically, and
then find out how to turn this statement into the indistinguishable case “there are two particles, one in state x
and one in state y”’. We will see that the indistinguishable case can be thought of as a “distinguishable case”
but with permutation symmetry.

This means that we first have to discuss a little bit what a symmetry is, and then apply this to the
permutation symmetry of multiparticle states. We will obtain that there are two types of indistinguishability,
one of which naturally takes us to Pauli’s exclusion principle.

Symmetries.zip

Consider an observable A of a system S (this system does not even have to be quantum). Suppose that we
have two states V1, ¥, of this system that are identical if we only compare how they “look™ with the A
observable (for example, if the observable A is “distance to a point 0, then all the points in a circle centered
at o are identical for anyone who can only check the A observable). What we mean is that the probability
distribution of A in states 11 and ¥, are the same. Under this observable, the states ¥; and 1, are identical.
In this case we say that y; and ¥, are A-equivalent or A-symmetric (or symmetric with respect to A). There
might be some other observable B which can distinguish between 11 and ¥,, or otherwise the states 1 and
Yo will, by definition, be exactly the same.

In the context of quantum mechanics, we say that two states |Y1) , |W/2) are A-symmetric if the probabil-
ity distribution of the observable A is the same for both. That is, they are A-symmetric if and only if for all
possible values a of A, the cumulative distributions are

P(A=<aly) =P(A=Zalyr).

IMaybe the hypothesis is justified in that otherwise the standard definition of entropy would not be extensive (Gibbs’ paradox)...
But maybe that is a problem with the definition of entropy, not the distinguishability (oof long word!) of particles. Again, I'm not
opening that can of worms. Yet. Stay tuned!


https://www.youtube.com/watch?v=aIKPqxLxXTY

Recall then that the probability distribution of an observable A is given by the eigenvalues of an associated
Hermitian operator A. Namely, if |a1),|as),... are orthonormal eigenstates with eigenvalues ap, az, ...,
then the probability distribution of A given a state V¥ is given byE]

P(A =a;|y) = |(a;|¥)]?

This implies that two states /1) , [/2) are A-symmetric if and only if for all eigenvalues a ; of A,

as [a)l* = lla[va)*

We say that a mapping T : H — H is A-symmetric (or an A-symmetry) if for all |/) € H, the states
|¥) and |[y') = T |) are A-symmetric. This means that for all eigenvalues a; of A,

a1} = llas )"

This immediately implies that the expectation value of A is the same for |¢) and |') (as can be seen by
inserting some well-placed 7 using the completeness relation for the }a j) eigenstates).
In particular, if 7 is an A-symmetry, then for all |{) and |¢') = T |) we have that

/1 = [(v'|v")? Z}ajlw
ZZ}GJ'W

= [(yly)1> = Iy >

And thus, T is norm-preserving. Unfortunately, this fact alone does not say much about 7. However, if we
also require 7T to be invertible and linear, then it must be a unitary transformation, that is, T'T =11t =1 ,
or equivalently ((Ty)|T¢) = (¥|¢). This follows from a straight-forward application of the polarization
identity

1
(ulv) = Z(Ilu + ol = flu = vl +illu = ivl* = illu +iv]?).

Similarly, if we require T to be invertible and additive but antilinear, T (au + v) = a*T (u) + T (v), then if
it preserves norms it must be antiunitary, i.e. ((Ty¥)|T¢) = (p|V).

These results are quite similar to Wigner’s theorem, which states that any invertible mapping T that
preserves the norms of inner products and that maps rays into rays (i.e. if v = ou for some scalar o then
there exists a scalar 8 such that 7' (v) = BT (u)), (and whose inverse does too) must be unitary or antiunitary.

What we have shown is that any linear A-symmetry must be a unitary transformation. In particular, if U
is unitary A-symmetry, then the U -conjugate of A satisfies

UTAU

v)={v[orilv)
= (0|4 @)
= {vldly)

(v

This is because UT = U1, and since U is an A- -symmetry, it preserves the expectation value of A. This

holds for any |) € H, therefore U~YAU = A, which means that AU = U A, or equivalently, [4, U] = 0.
There are different levels on which we can describe symmetry. The first one we discussed is determined

pointwise, that is, only two states being symmetric with respect to an observable. Then, one step further, we

20f course, there is the subtlety of the case where A has a continuous spectrum without eigenstates, but this can be formally
extended as probability densities. I think. Don’t think about it too much.



described transformations 7 that are also A-symmetries. Under these transformations, every pair |y) , T |¥)
are A-symmetric. If this operator is to be linear, then it must also be unitary. Most often, in the standard QM
references, the symmetries that are considered are unitary transformations that are symmetric with respect to
the Hamiltonian (energy) observable.

We can go one step further and consider symmetries with respect to all observables, which we call
absolute symmetrie Any two states that are related by these symmetries are absolutely indistinguishable.
What this means is that if 7" is an absolute symmetry and |/) = T |¢), then |{) and |¢) have the exact same
distributions for all observables. This means that they are indistinguishable !E]

Of course, if our system allows for these kinds of absolute symmetries, then our state space is defined
with redundancies, since we should define the states and the observables in such a way that two states are
equal if and only if they have the same distribution for all observables. In truth, absolute symmetries arise
from being sloppy in the definition of states.

We will now attempt to characterize absolute symmetries. So let 7' be an absolute symmetry. Consider
any state |}, and complete it to an orthonormal basis |} = |y¥1), |¥2), |¥3),.... Since T is an absolute

symmetry, for all Hermitian A, we have that <(T1//)‘/f ‘(Tl//)) = (w‘/f ‘K/f> In particular, we consider the
projection operators with respect to the elements of the basis,

Py, = |y ).

Then we have that

(Ty)| Py, |(TYi)) = ((Tvi) W) (v | T i)

= |{w;|Tvi)|”
On the other hand,
<(TW1')|P1//_; KTW)) = ( i‘Pllfj Wi)

= (| (v |vi)

= |(wilv)®

= 5,'1'.
This means that 5

(V5| Tl = 8.

so that, say, (w j ‘Tw j) = ¢'%/ . From here we obtain that

TIYs) =D (| Ty} lvw) = €% |y;).

k

Now we don’t know that T is linear or antilinear, but it certainly does preserve rays. For any given state
|¢) we repeat the previous process and obtain that there exists a unitary scalar o, such that 7' |¢) = oy, |@).
Then if [) = B |¢), we have that

T 1Y) =ay |¥) = ayf|p) = ayBay ' T |¢).

Then T maps rays into rays, and it preserves the norms of inner products,

{((TYIT) | = lagag (VId) | = [{¥|)].

and thus it satisfies the hypotheses of Wigner’s theorem, so 7" must be unitary or antiunitary. Suppose that it
is unitary, so it preserves inner products. Then for any |/) , |¢), it follows that

(V) = (TY)IT¢) = ayag (V).

3Don’t quote me on this, T just made this up.
4 If this is not convincing, then ask yourself “how you I tell two such states apart?” There is no observable that can distinguish
between them.




Then a:;oeqs = 1. However, since |oy | = 1, then ozl;l = oe;’;, and this implies that 051;10% = 1, or rather,

oy = ag. In conclusion, if T is a unitary absolute symmetry, then is is multiplication by a unit scalar:

Tl)=aly) VIy).

And we know that this is a redundancy in our description of the states! In truth, we should work in the
projective Hilbert space PH, in which we assume that vectors which are related by multiplication by any
unitary scalar represent one and the same state.

Describing multiparticle states

Suppose that we have two systems Sy, S», described by Hilbert spaces H 1, H3, respectively. The mathe-
matical setting for describing the joint system is the [completion] H of the tensor productﬂ H1 ® Ha. The
inner product in H is term-wise as

(U1 ® uz|vy @ v2) 1= (uq|vy) (uz2|va).

There are a few different notations for product elements of #, but we will mostly stick to |uius) 1= |u;) ®
|uz). Note that not every state (actually very few states) in H can be written as a tensor product of two states
in H1 and H,. A general state is a linear combination of states of the form |u 1, u»), with u; € H;, and if
{loi)}, {Wﬁ} are bases for 1 and H>, then {|(p,- wj)} is a basis for H.

Any observable A over the space 11 can be “extended” to an observable over H, by identifying it with
A® idyy,. Similarly for observables over H>.

I will not go into all the nuances and interesting details of these kind of states (e.g. entangled states and
such), since what we are interested in is representing indistinguishability.

Indistinguishability defined

For the time-being, we will only work with 2-particle spaces, and then we will go nuts and go to general
k-particle spaces. Consider the case where H; = H» := H, in which case the total Hilbert space is H ® H.
By definition, the states |[{11/2) and |{1) are considered different. However, we want them to represent
the same state. There are two ways to go about this:

1. Scrap everything and rethink a suitable Hilbert space that clearly represents indistinguishable particles
without any redundancy, or

2. force any two states that represent the same configuration (e.g. as above) to be absolutely symmetric.

If you’re all the way down here, you’ll be glad to read that we will not choose, I repeat, not choose option
1. Even more, working with option 2 will actually suggest which Hilbert space to use that would work for
option 1. It’s a win-win.

Then we choose option 2. Define a transformation Tﬂ that acts on product terms as

T |Y1y2) = [Y291) ,

and extend it by linearity. This is a permutation transformation. Since we require 7" to be a (unitary) absolute
symmetry, then by the result of the previous section 7" must behave as multiplication by some unit scalar
o, that is, T = «o/. However, we also have that permuting twice should do nothing (if you switch 1 and 2,

>The pragmatic justification for this is that this is the simplest non-trivial way to make a Hilbert space out of 31 and #2, but I
am sure that this can be justified using the spectra of observables of the joint system and a little bit of probability theory. Stay tuned!

OThis notation is not standard. It is usually called p or P or something like that or maybe something entirely different because
nobody wants confusion with the momentum operator.



then switch them again, you get 1 and 2), so 72 = I. But we also have that 72 = &2/, so this implies that
a? = 1. Then o = =£1, thatis, T = +1.

But wait!

This cannot possibly be true for all elements of H ® H! As a counterexample, consider literally any pair
of linearly independent elements | 1) , |V2) € H. By definition, the tensor products |y¥1v5) and |Y21)
are not only different, but also linearly independent. This means that

n

T |Y1v2) = [Y2v1) # £ |[Y1¥2) .

So the relation T = =£1 cannot be true for all vectors! Did we arrive at a contradiction? Is it impossible to
represent the state space of two identical particles with permutation symmetry? Well... no. We just showed
a counterexample where T |W1Y¥2) # &+ [W1V2), but there are some vectors in H ® H where permutation is
a symmetry. For example, consider the vector

) = € (1¥1¥2) + |[Y2v1))

N

If we apply T, then we get

Tly) = %(T W1va) + T [ayi))

- %(Wm) + ly1ya)

= % (1V192) + [¥291))

=[y).

Similarly, consider the vector

ly') = % (IY1y2) = [Y291) -

Upon acting with T,
1
T|y') = —= (T [y1v2) = T [Y2y1))

NG
— % (|V2vr1) — [Y1v2))
_ —%(wlm — [Yaun))
=—|v').

Then for some states, it is true that T [) = £ |/).

What do we do now? We restrict our state space to one where there is a permutation symmetry, and we
simply ignore all the other vectors that do not have this symmetry. So we define the symmetric product of
‘H as the set of all vectors |{) € H ® H for which T |¢) = |¢):

S*H:={ly) e HOH : T|y) = |y)}.

We call this symmetric product the boson state spaceﬂ (of two particles). Similarly, we can also define the
antisymmetric product of H ® # as

NH={y) e HOH : TIY) =—y)},

7“Why “boson”? What does this have to do with spin? Aaaah!” Well, again. /A good question... for another time.


https://www.youtube.com/watch?v=aIKPqxLxXTY

and we call this the fermion state space in two particles. These fermionic states have the particularity that
two particles cannot be in the same state! That is, the vectors | ) (which represent two particles in the same
state) are not in the fermion state space. This is in stark contrast with the bosonic case, where | ) € S?H.

The beauty of this is that we are not violating any of the axioms of quantum mechanics by restricting
ourselves to this space. The boson and fermion state spaces are Hilbert spaces (one must simply check that
they are closed subspaces of H ® H), and in fact, we can even find a nice, juicy basis for them, given that
we already have one for H. That comes next week, pinky promise.

There are (spoiler alert) more than two particles in the universe

This astonishing discovery means that we’re going to need a bigger boat. What if we have k particles? The
procedure is almost exactly the same as in the previous section, but we have to be a bit more careful. In this
case, the ambient space “with redundancies” will be the k-th tensor product of 7, which we write as QFH.

But now permutations get a lot more complicated since we can exchange any number of particles. In
general a k-permutation is a rearrangement of the numbers {1, ..., k}, which is to say a bijectiveﬂ function
o:{l,....,k} = {1,...,k}. The set of all k-permutations is denoted Gy.

Our requirement of symmetry under permutations can be rewritten as follows: For any permutation
0 € &y, define a transformation 7 on product vectors as

To V1Y) = Yoy Vo)) -

and extend it to the entire space ®*H by linearity. As an example, let k = 5, and consider the permutation
0:(1,2,3,4,5) —~ (2,4,5,1,3).

Then the action of Ty is

To [V1V2V3¥a¥s) = [Vo) Vo) Vo) Vo@ Vo s)) = [V2vaysyiys)

(and extended by linearity). Note that 1, ..., ¥ do not have to be different a priori for this to make sense.

Also note that 0 + Ty is a linear action, or what we call a representation of S; on ®¥H. This is
because T © Tgr = T(gog7) for any pair of permutations o,0” € &.

Our requirement of permutation invariance is that T is an absolute (unitary) symmetry for all permu-
tations 0 € G;. This means that for each 0 € G, there is a unit scalar oy such that T, = ag/. In
particular, let’s choose a transposition, which simply switches two numbers, 7 : (1,...,i,...,/,..., k) —
(a,....j,...,i,..., k). We write (i j) for the transposition that switches i and j. Then we’re back in
known waters, since transpositions are their own inverses! This means that Té v = I, which, again, means
that o; j) = %1, as in the two-particle case. However, this does not mean that it is 1 for all transpositions
or —1 for all transpositions; it might happen that oy = 1 for some transpositions but o; = —1 for others.
Just because this is getting too long, I will leave as an appendixﬂ the proof that, indeed, it should be the same
for all transpositions, i.e. «; ;) = 1 for all transpositions or «; ;) = —1 for all transpositions.

In order to continue, we now need an important result of group theory, which we will not prove, which
states that every permutation can be written as a (non-unique) product of transpositions. Even though this
product is not unique, what is unique is the parity of the number of transpositions needed to express a
permutation. That is, a permutation that can be written as an even number of transpositions can only be
written as an even number of transpositions, and similarly, a permutation that can be written as an odd
number of transpositions can only be written as an odd number of transpositions.

8Recall that this means that for each i there is one and only one number j such that () = i. This implies that when you write
down g (1),...,0(k), you obtain exactly 1,.. .,k but in disorder.
9that is, a post in the future



The sign of a permutation o, denoted sgn (o), is defined as 1 if it can be written with an even number of
transpositions, and —1 if it can be written with an odd number of transpositions. With this definition, we are
nearly done. Suppose that «; ;) = 1 for all transpositions. Then we have, for any permutation o, that

Ty = Trygy = Tey Ty = 1-+-11 = 1,

where 11, ... T, are transpositions that compose o. This is what we call the trivial representation of Gy.
In this case, we require the canonical action of permutations to be the trivial representation:

T, = 1.

However, we fall into the same trap as in the previous section. By definition, this is simply not true for
products of linearly independent vectors, so we must restrict our scope to a subspace of ®KH where there is
this kind of permutation invariance. We define the k-th symmetric product of 7 as

Sk = {IW) e ®H 1 Ty |y) = |y) forallo € ek}.

And we call it the boson state space of k particles. An example of such a state is

1
) = 5 (V1v2v2) + [Y2y1v2) + |[Y2¥2v1)) €e HO H Q H.
But now we have the other choice, which is that 7(; ;y = —1 for all transpositions. In this case, the

symmetry is not as simple. If o is a permutation, then we decompose it into transpositions, 0 = 71+ Ty.
The action of Ty is, then

To = Tryr,, = Ty, o+ Tr,, = (1)1 = sgn(o)l1.

This follows since (—1)™ is precisely 1 if m is even and —1 if m is odd. Then our other choice for permutation
symmetry is the requirement that
Te = sgn(o)l,

which we call the alternating representation of G;. But again! The same trap as before! This relationship
does not hold for many vectors in ®FH, so we restrict to a subspace where this relationship does hold, which
is the k-th alternating (or exterior) product of #:

AF9 = {IW) e ®H : T, ) = sen(o) [¥) forall o ek}.

And this space is called the fermion state space of k particles. Again, it can be seen that there are no vectors
in which there are two particles in the same state (for if there were, a permutation of such two particles would
need to yield a —1... which it doesn’t). This means that two fermionic particles cannot be in the same state,
something that is called Pauli’s exclusion principle.

These spaces will be the setting for doing quantum mechanics of many particles. They seem pretty
similar, but in reality, they are extremely different.

Our objective for next week will be writing down an orthonormal basis for these spaces, given a basis
for H. Then we will consider states spaces where there can be arbitrarily many particles, and hopefully find
a way into field theory.

The takeaway

The assumption of indistinguishability implies that the Hilbert space that represents multiparticle states (par-
ticles of the same kind) must not distinguish between “particle a is in state x” and “particle b is in state y”.
Coming up with such a Hilbert space from scratch is not trivial, so what we do instead is construct a Hilbert



space whose elements represent multiparticle states, but also in which the particles are distinguishable. If
one particle is represented by the Hilbert space A, then such a “distinguishable” multiparticle space is @€ H.
Then, in order to pass to indistinguishability, we considered subspaces of ®KH in which permutation is an
absolute symmetry. There are only two of those, namely the bosonic space which is the symmetric product
SKH, and the fermionic space which is the antisymmetric product A%, In particular, the fermionic space
does not have any elements in which two particles are in the same state. This is Pauli’s Exclusion Principle.
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Appendix: 7} is the same for all o

The quick way to do this, which requires a bit of machinery from algebra, is as follows (a more down-to-
earth proof, I think, will follow soon). Note that the representation T : & — {I,—1} = Z, is actually
a one-dimensional (since it maps to multiples of the identity), and therefore im(7’) is abelian. This means
that 7" must factorize through the abelianization 6‘”’ = 61 /[Ck, 6], where [Sf, S] is generated by
the commutators ghg~'h~!. However, the map sgn : &; — {1,—1} = Z, is surjective whose kernel is
premselyl Sk, Skl, so G“b > Z,. This means that T = T o 7, where T : Zy — Zs is a homomorphism
and m = sgn is the prO]CCthIl to the abelianization. There are only two possible endomorphisms of Z,,
namely the trivial one and id. So if 7 is trivial, then T is trivial too. If 7 = id, then T = sgn.

190ne of the inclusions is trivial to prove, the other requires noting that the product of two transpositions is a product of 3-cycles,
and that 3-cycles are always commutators. This is not hard, but not obvious!



