What is a gauge field?

Part 2: Adding matter
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A long time ago, we showed that a “quicker” way to solve Maxwell’s equations (at least in the vacuum)
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is by writing the fields E and B in terms of electromagnetic potentials ¢ and A which satisfy

B=VXA;
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These potentials are not uniquely determined: given a smooth function A, we can define new potentials as

A’ = A+ VA,
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and these give rise to the same electric and magnetic fields E, B.

We want to see what happens if we add a test particle, and our end goal is seeing at how it looks in the
quantum case.

A particle of charge e moving in an electric field E and a magnetic field B feels a force given by

1
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where v is the velocity of the particle. This force, called the Lorentz force, is a vector function that depends
on the position x and velocity v of the particle, and possibly on time (if the fields B, E do).

If we wanted to introduce the Lorentz force to a quantum-mechanical system, we would need a Hamil-
tonian H such that the Hamilton equations of motions

q' = oH
opi
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are equivalent to the usual Newtonian equations of motion
mX = FLor'

With this Hamiltonian, we would apply our favorite quantization rules.
But how do we find such a Hamiltonian? The best way to do so is to write the Lorentz force in terms of
a Lagrangian, and then do the Legendre transform to obtain a Hamiltonian.
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1 The classical case
Here’s where the gange fun begins. Choose a pair of potentials ¢, A for E, B. These satisfy

B=VXA;
10A
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It can be shown (and we do so below in the last section) that a Lagrangian for the Lorentz force is given by
1 2 e
L(x,v,t) = §m||v|| —ep(x,t) + v A(x,t).

Of course, one way to “prove” that this is a Lagrangian for the Lorentz force is simply showing that the Euler-
Lagrange equations are precisely the equations of the Lorentz force. But that’s really ad boc, and below we
show a more “natural” derivation.

From the Lagrangian, we see that the canonical momenta conjugate to the positions x are
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Note that p depends explicitly on the vector potential A, which is a sign that it is oz a physical quantity, since
we can change the potential A to another physically equivalent one. This means that we shouldn’t be able
to measure p, since A is not uniquely determined. We will return to this issue of physical quantities later.

With the Legendre transform, we can find the Hamiltonian (this is just a computation, no tricks in-
volved):

H(x,p,t)=x-p—L= ﬁ ||p — gA(x, t)||2 + ep(x, t).

The Hamiltonian (and the Lagrangian too) has an explicit dependence on the potentials ¢, A, whereas
the Lorentz force is only dependent on the fields E and B. If we change the potentials via a gauge transforma-
tion, the Lorentz force doesn’t change, but the Lagrangian does! So there’s something funky going on here.
How do we reconcile this?

Well, the Lagrangian changes, but the equations of motion don’t. Let’s see this explicitly: let A be a
smooth (time-dependent) function and let’s do the gauge transformation

A=A+ VA
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Substituting in the Lagrangian and doing a little reordering, we obtain
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Here, we have defined L as L but with ¢’ and A’ instead of ¢, A, and we have defined the total derivative of

A as dA IA
(E)(x,v,t) =v-VA+ 3

This total derivative coincides with the derivative obtained from the chain rule, if we evaluate it on x(¢), x(t), t
foracurvex : R — R3. Thatis,

(‘;_/t‘) (0, 4(0), 1) = A0, ).

Therefore, our transformed Lagrangian has the form

P
dt
with F = (e/c)A. This tells us that the Lagrangian itself is not gauge-invariant; however, since it trans-
forms up to a rotal derivative, the equations of motion are invariant. We show this below in the gory details
(section 5.2).
What about the Hamiltonian picture? First, let’s see what happens to the canonical momenta. Under a
gauge transformation, they transform as
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Therefore, the canonical momentum changes under a change of gauge as p’ = p + VF. If we perform the

Legendre transform of L, we obtain a Hamiltonian in terms of this new canonical momentum p’

H'(x,p',t) = x(p") - p’ — L'(%, %(p"), 1);

where we have made it explicit that we must write X in terms of p” and not p. Carrying out the computation
we obtain

H'(x,p',1) = i

P’ ——A’(x,t)” + e/ (x, 1).

Does this mean that the Hamiltonian is gauge invariant? No, it does not. This Hamiltonian is written in terms
of the new momentum p’, and we need to see how it relates to the Hamiltonian with the old momentum p.
So we substitute all the new momenta and potentials in terms of the old:

H'(xp',t) = 5 ||P +iva-Za- —VAH +eg(x, £) — e%’t\
= ||p - —A” + ep(x,t) — c%/t\
= H(x,p,1) - gaait\

Thus, the Hamiltonian is in general zor gauge-invariant! But once again, the day is saved since Hamilton’s
equations of motion are. Again, we leave this to the gory details below (section 5.2).

In conclusion, even though the Lagrangian and Hamiltonian are explicitly dependent on the potentials,
and therefore not gauge-invariant, the equations of motions 47e gauge-invariant, so the dynamics of the sys-
tem are well-defined. This is to be expected, since both the Lagrangian and the Hamiltonian picture are
equivalent to Newton’s equations of motion, which do not even include the potentials explicitly.



2 The quantum case

Now that we have a Hamiltonian, we can write the Schrédinger equation
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Here comes another problem: The Hamiltonian is dependent on the choice of potential! But this time
we can’t shield ourselves under the “don’t worry, the equations of motion are safe” that we used in the last
section, since the Schrédinger equation # the equation of motion! So there’s nothing stopping the evolution
of the wavefunction 3 from depending on the choice of potential!
But we do have one more trick under our sleeve. The wavefunction is not the measurable object, but
rather its square norm ||?, and in general the expectation values' of Hermitian operators O

(¥lOl) .

This means that we can save this Hamiltonian if we guarantee that whenever we change the potentials to
some new ones A’, ¢’ (via some gauge transformation), then every solution 3 of the Schrédinger equation
and every observable O have physically equivalent solutions 9’ (to the Schrodinger equation with the new
potentials) and observables O’ such that

@0'y') = (¥|Ol).

One way to guarantee this is with unitary transformations. Suppose thatisa solution to the Schrédinger
equation with potentials ¢, A. Now let A be a smooth function and let ¢’, A’ be the gauge-transformed po-
tentials

A'=A+VA
10A
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Suppose that there exists a unitary transformation U(A) associated to A such that the new “gauge-transformed”
wavefuntion

P =Up
is a solution of the Schrédinger equation with the potentials ¢’, A’. If for every observable O we define
0’ =U0U7!,
then necessarily

(W10'[Y') = (UlUOU™|UY) = ($|UTUON) = ($[O]9) .

This follows from the fact that UTU = I, since U is unitary.

Now we have a problem. The rule O = UOU ™! gives us a way to transform observables between differ-
ent gauges. However, we may already have a definition of the observable in a different gauge! For example, if
we write the momentum operator p in the position representation, it becomes —ifAV. This definition should
be the same for a4/l gauges, since changing gauges does not alter the coordinates. That means that we define

position rep.

pA(P pA/’(P .= —lhv

"We can obtain | (@[1) |? as the expectation value of the projection operator pry = [1) (3] in the ¢ state.



for all potentials®. However, we also have a gauge transformation rule that tells us how operators transform
between gauges. Do these prescriptions agree with one another? That is, do we have

-1 ?
UPA,goU = PA’,qo’

As we will see below, the answer is no, since, assuming that U depends only on positions and not momenta,

UPA’(pU_l = PA,cp + lh(VU)U_l ;é Pa’,p’-

There is a conflict between the transformation law and our definition of the momentum operator between
different gauges. This tells us that the observable p is not physical, because the results of observations cannot
be defined consistently between gauges (and remember, up to this point, the gauges are just mathematical
tools).
In general, we say that an observable O is physical if its definition in different gauges is consistent with
the transformation law. That is, if
UOAA,¢ []_1 == OAAr’gor.

Another example of an #nphysical observable is the potential A. If we assume that the unitary transformation
U depends only on the position, then it commutes with A, so

!
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So how do we find U(A)? Does it even exist? In the gory details below, we show that the correct unitary
transformation is

U(A) = exp <%A> ,
so that the wavefunction 3 transforms as
P’ =exp (%A) P.

Let’s check that 9" does indeed satisfy the Schrodinger equation with the Hamiltonian with respect to the
new gauge. We have

'haaz'i, =ih aU(A)l,b+ hU(A)alp
= iaaA exp(le )l,b+ U(A)(lhad))

By hypothesis % satisfies the Schrédinger equation with the potentials A, ¢, so

haa”i _—fa—A¢ U(A)( (p——A) +e¢)¢.

Now we note that
U(A)p = pU(A) + [U(A), p] = pU(A) + ikVU(A) = pU(A) — SVAU(A) =(p- ;VA) UA).

Therefore, , ,
U(A) (p _ EA) - (p — gA _ %VA) U(A)

*This is in stark contrast from the Lagrangian case, where canonical momentum changes as the potentials change.



Since U(A) depends only on position, then it commutes with ¢. Therefore, we obtain (after a little rear-

rangement)
L0 1 e 2, 10A\ ,
ih g = 3 (P= g (A+VN) ¥ +e< ‘zﬁ)%b
1 € /2 ! I NS
= 3 (P &) ¥ +epy

Finally, we note that the definition of p is the same for all gauges, so we write p’ = p, and thus obtain

0P’ '
lhw = HAI’¢I¢ .

Therefore, the wavefunctiony’ = exp (;—eA) 1 satisfies the Schrédinger equation with the gauge-transformed
C

potentials ¢, A’. In the context of gauge theories, we call ¢ a matter field.

3 Minimal coupling and covariant derivatives

The Schrédinger equation for the particle coupled to an electromagnetic field is not very different from the
free equation. If we start with the free equation

L0 1,
lhE_Zm ¥,

and make the changes

then we obtain the coupled equation

Lo0p 1 e .\
lha—%(P—EA) 1,b+€§0'§b.

This is called the minimal coupling prescription.

These seem like arbitrary changes. However, if we write everything in the unified four-dimensional
framework we talked about last time, we’ll see that they are similar. Our four-dimensional coordinates are
x% =ct, x! = x,x? = y, x> = z. We condense the fields and potentials into four-dimensional differential
forms: The potentials become a one-form A = A, dx* with components

AO = §0 Ai = —Ai,
and the fields become a two-form F = %Fw,dx'“ A dx” with components
Fy = E' Ej = —&;B",

satisfying
F = dA.

Under a gauge transformation, the electromagnetic potential A transforms as
A A =A—dA,

and of course the field strength F remains invariant.



The minimal coupling prescription is now obtained by making the change

ie
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The symbol D, is called the covariant derivative. Indeed, we can check that the compontents Dy and D;
correspond to the operators J; + %go andp — 2 A that we discussed above.
C

Why do we care about this covariant derivative? If transform to a new gauge A" = A — dA, then the
covariant derivative changes as
ie
hc

So it’s not quite gauge-invariant on its own. However, when we let ﬂﬂ act on the wavefunction 9, and apply

Dy 2),’1 =D, - 6MA.

a gauge transformation to both at the same time, we get
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Thus, after applying the covariant derivative to the wavefunction 1, we get another wavefunction which
transforms properly under gauge transformations. We call this gauge covariance: It apply the gauge-transformed
covariant derivative to the gauge-transformed matter field, we get the same result as applying the un-transformed
derivative to the un-transformed field and zhen transforming the result.

4 The takeaway

We started with some frelds E and B which could be written in terms of some porentials A, ¢. The potentials
are not uniquely determined, since we can change them by a gauge transformation, and the fields remain the
same. The quantities that are invariant under these gauge transformations are physical.

In quantum mechanics, the wavefunction ¢ and physical observables O might be gauge-dependent, but
under a gauge transformation, they transform by a unitary transformation in a way that the expectation
values of physical observables are all invariant.

In summary, we have the following objects and how they transform under a gauge transformation:

A~ A =A+VA
, 10A
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E
B
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-en(Ea)s
O =exp (%A) Oexp (—%A) .

Finally, we saw that an “easy” way to go from the free theory to the minimally coupled theory is substituting

O & Wwm e
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ordinary derivatives with covariant derivatives:

ie

a'“'_)@“:a“-i_hc

Ay.



This is how it is often done for more complicated gauge theories (which we will explore later).
The next step is interpreting all these objects as local representations of global objects in the theory of
principal bundles.

s The gory details

s.1 Finding the Lagrangian
Substituting the expressions for E and B in terms of the potentials ¢ and A in the Lorentz force, we obtain

F=e<—Vgo—%aa—?+%v><(VxA)>.

Now we use one of those super fun vector product identities,
aX(bxc)=(a-c)b—(a-b),

which becomes in our case

vX(VXA)=V(v-A)—(v-V)A.

Foe(-v(o- 1 )= 1 (2 4 v,

Let’s plug this into Newton’s equation of motion. Letx : R — R3 be the trajectory of a particle of mass m,

Therefore,

and let x be its velocity. Newton’s second law reads

mi(t) = F(x(t), &(t), £) = e( (qo ~Zk-A)- 1 (‘?;t* + G- V)A))

It is important to note that here we are implicitly evaluating the time-dependent fields ¢, A at (x(), t). In
particular, the rightmost term becomes, applying the chain rule,

A . d
37 &0, 0 + (- VIA)(D), 1) = L AX(D), 1).

Then Newton’s second law becomes, in components,

mii(t) = e( aiz (qo _1 ZxkAk) -~ %%A"(x(t), t))-
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Now comes the dirty trick. We can write Al as

Ll G k Ak
c c axl (Z ) ( Z XA
Similarly, we can write % as

= (T ee)

With these replacements, Newton’s equation takes the form of an Euler-Lagrange equation:

ckxck 9 | _ € kA k ii _€ kA k
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Or, well, after a few rearrangements:

d l( Zxx —ep+ - Z)'ckAk) ( Zxx —ep+ - Z)'ckAk)=0.
tox k =
Therefore, we can use the Lagrangian

1
L(x,v,t) = §m||v||2 —ep(x,t) + gv - A(x, t).

5.2 Gauge-invariance of the equations of motion

Under a gauge transformation, the Lagrangian changes as

dF
L = L+E

with F = (e/c)A. Although the Lagrangian itself is not gauge-invariant, since it transforms up to a rozal
derivative, then the equations of motion are invariant:

i(a_ﬂ)_a_ﬂ_i(a_L)_a_L+i<i£>_i(£>
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Here we used the fact that
d (dF 0 [OF .k OF oF
aﬁﬁﬂ-a{a+§xaﬁ-a?
In the Hamiltonian picture, the canonical momenta transform as
p'=p+ VF,

and the Hamiltonian transforms like
oF
H'(x,p’,t) = H(x,p,t) — TS
Although the Hamiltonian is zor gauge-invariant, the equations of motion are. If we have a trajectory

x(t), p(t) which satisfies
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then it also satisfies
. O0H 0 oF
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The equations of motion for the momenta are more subtle. We have to note that when we write p’ = p+VF,
we are introducing an explicit dependence of p’ on the position variables x*. And so, we must be careful when

applying the chain rule:

g o S OF
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Oxi = dt dxi
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Then Hamilton’s equations are preserved under the gauge transformation, and so the dynamics of the system
is the same independent of the chosen gauge.
5.3 Finding the unitary transformation

Suppose that ) is a solution to the Schrodinger equation

2
; %_‘f -1 (p- %A(x, 0) ¥+ ep(x, DY,

2m

and suppose that there is a unitary transformation U(A) such that " = U(A) satisfies the Schrédinger
equation with the transformed potentials:

ial,b'_l(
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Since U(A) is unitary, it is a general fact’ that it can be written as
U(A) = exp(iG(A))

for some Hermitian G(A). In general, G is going to be a function only of x and ¢, since it depends only on
A. We want to find G.

Let’s split the Schrodinger equation with transformed potentials into little bits. On the left-hand side,
we have
in Y

., 0 . ., 0G . . N1
30 lha(exp(lG)lp) = _hﬁ exp(iG)p + ih exp(lG)E.

On the right-hand side, we use the fact that

pU = Up — ihVU = exp(iG)p + hVG exp(iG),

3See references. This is relatively easy to show in the finite-dimensional case, but quite non-trivial for general Hilbert spaces!

10



SO
2

(pf _ g A') W = (p’ _ EA’)Z exp(iG)P = exp(iG) (p' - EA’ + hVG)2 b

Ifwewrite A’ = A+ VA, ¢' = ¢ — éatA, and p’ = p, plug everything back in and reorder a little bit, we

obtain

2
exp(iG) (m%‘f) = exp(iG) (p — SA = SVA+hVG) § + exp(iG)py + exp(iG) (haa—f = g%—/» ¥.
This equation looks like the Schrédinger equation for 1, but with an exp(iG) in front and a bunch of other

things that we want to get rid of. We would easily get rid of them if

AVG = %VA
»0G _eon
ot c ot

This is a differential equation for G, which has an easy solution*:

e
= —A.
¢ hc

Therefore, if we choose the unitary transformation to be
U(A) = exp (;—i) ,

then " = U(A)9 is a solution to the Schrédinger equation with the potentials A’, ¢’ whenever 9 is a
solution to the equation with potentials A, ¢.

6 References

* Landau, L. D. and Lifschitz, E. M. (1977). Quantum Mechanics: Non-relativistic theory. Chapter XV.

* Sakurai, J.J. and Napolitano, J. (2o11). Modern Quantum Mechanics, Second Edition, Section 2.7.

+Which is not unique, but that doesn’t matter.
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