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Suppose that you have a k-form « on a manifold M of dimension n. But you’re a spoiled brat and don’t
like k-forms but rather (n — k)-forms, so you go to your dad and throw a tantrum, and your dad says shhh,
k-forms are okay, see? k-forms and (n — k)-forms are basically the same, you see, QX (M) and Q"% (M)
even have the same dimension, it’s basically the same thing sweetie stop crying everyone’s staring at us
please, but you won’t have it because all your friends have (n — k)-forms and keep crying, and your dad
already spent a lot of money in your k-form and (n — k)-forms are so expensive! What can your dad do now?
He takes your dumb k-form to his workshop and comes out three hours later with a shiny (n — k)-form, and
hands it to you smiling but he’s regretting having children, nay, having you at this point. Oh wow dad, that’s
perfect thank you so much you’re the best dad, how did yo do it? Well I told you, k-forms and (n — k)-forms
are not that different, you just need a metric and some patience and you can turn one into the other.

1 Metric on the exterior algebra

Let V be a finite-dimensional vector space of dimension #, and g a Lorentzian metric on V, i.e. a symmetric,
non-degenerate bilinear map g : V x V — R. We can extend g bilinearly to AXV for any k as

gL A Aug,wy A Awg) = det([g(u;, wj))),

where uy, ..., ug, wi,...,wx € V and [g(u;, w;)] is a matrix whose (i, j)-th entry is g(u;, w;). For
example,
guy Auz,wy Awz) = g(ur, wy)g(uz, wa) — g(uy, wa)g(uz, wy).
Now leta, B € ARV . With respect to some basis ul, . uof V (not necessarily orthonormal), we can
write
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and thus we can find (in Einstein’s notation), writing g/ = g(u*, u’) for the components of the metric in



this basis,
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Here we used the fact that the components of a form are totally antisymmetric, so for any permutation o € Gy,

Cpgy oy = Sgn(o)am Mgt

With this result we can see that g : A¥V x A¥V — R is non-degenerate. Choose an orthonormal basis

el, ..., e" of V. Then we have

gt Ao etk eV Ao feVR) = Z sgn(o)gttVo ghkVolk,
g€y

However, since the basis is orthonormal then g! = +1 and g/ = 0if i # j. From this we see that if

{1, ..., i} # {v1,..., v}, then for absolutely no permutation o € & we will have (11 = v (1) and . ..
and g = Vg (k). Thus the inner product is nonzero only if {1, ..., g} = {v1,..., vk }. In this case, then,
we have that (i1, ..., ug) is precisely a permutation of (vy, ..., vg). Since all symbols p1, ..., ;y must be

distinct (otherwise e#! A --- A e#k is zero to begin with), we then have that there is only one permutation
that survives in the sum, the one for which precisely vy ;) = w;i. In conclusion:

s . . o
QM Ao b P A e A %) = (=1)*sgn(o) if there exists o such that vg(;) = ’
0 otherwise

where here s is the number of elements in {e/!, ..., e**} which have negative length. Since we know that
the elements of the form e#! A --- A el form a basis for A%V, the previous result tells us that in this basis
the matrix of g is diagonal with entries +1, and thus g is non-degenerate.

2 Defining the Hodge star

Now let vol € A"V be a volume form on V, given in terms of an oriented orthonormal basis eq, ..., e, as
vol =e1 A--- Aey.

We now define the Hodge star operator x : ARV — A" KV as the unique linear operator such that for all
a,p e AkV,
aA*xf = g(a, f)vol.



Here we’ve sneakily claimed that such a linear operator exists and is unique. We need to prove that. First,
for each B € A" %V define a map o8 : AKXV — R such that

a A B = ¢g(a)vol.

This map is well-defined and clearly linear, i.e. ¢g € (AkV)*. In particular, we can see that in components
with respect to an orthonormal basis e!, ..., e” of V,

1

M1 e g VT e Vi —
Ic'(n—_k)'a/dLLuH«leU]...l)n_ke n VOI,

anp=

Al

where 4141 ig the Levi-Civita symbol, so that

M1 VT Vn—k
_k .
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Now let’s see that the assignment, let’s call it ¢ : ARy (Ak V)*, given as B > ¢g is an isomorphism.
First, it is clearly linear. Now suppose that ¢g = 0, i.e. for all € AkV, ¢p(a) = 0. In particular, for
o = epl /\.../\epk’

1

0=dp(em A ne™) = o
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Now we have that the components of the basis itself are

0 if {pa, .o e} #Ap1o - px

ePU Ao A ePk = .
( it {sgn(a) if o € & such that p; = u4(;)

We denote the right-hand side as the following symbol:

sor-oc - )0 i {prn o # {1 Pk}
Mok * sgn(o) ifo € & suchthat p; = Mo () .

A little bit of tedious work shows that
8ELnk = det([5f) ),

1Mk
i.e. the determinant of the matrix whose (i, j)-th entry is Sﬁi .. Now when we plug this back in, we get

1
0=¢p (ePV Ao A ePl) = m(gm:ﬁkﬂmm%_k M-k VT Uk

Here we are implicitly summing over all the 1; indices. From the definition above, the only terms that survive
in the sum are those for which there exists a permutation o € &y such that u; = ps(;). Therefore,

1
d)ﬂ (epl A A epk) — ﬁ IBvlmvn_kSgn(o.)epg(l)...pg(k)vl...vn_k
K\(n — k)! Uzeek
1
— P1.-PKV1--.Vy—k
- | _ [ ,Bvl...vn_ké
Kl —k)! Uzeek
1

ePl--PkV1---Yn—k

(l’l _ k)'ﬁVI e Vn—k

For each set of indices {vi,...,v,_r} if we choose {p1,...,pr} complementary to {vy,...,v,_f} in
{1,...,n}, then we have that e1--PkV1--Vn—k = 4] and so By,..v,_, = 0. Therefore B = 0. The map



¢ : B+ ¢p is injective, then, and since dim(A”kV) = dim(A*¥V) = dim((A*¥V)*), we obtain that it is
an isomorphism.

Recall that we have a metric g on AKV, which induces an isomorphism gy, : ARV > ARV, given as
gv(@) 1= g(-, ). We define then x : AKV — A"k as »a being the unique element in A” %V such that

Gra = gh(a).

If you want to, you could write * = ¢! o g;,. At once, this tells us that for any o, B € AV,

a A *f = ¢.g(a)vol = gy (B)(a)vol = g(a, p)vol.

Okay so the map exists. What about uniqueness? Suppose there is an isomorphism £ : ARV — An—ky
such that @ A £(B) = g(a, B)vol. This tells us that ¢g(gy(a) = g(a, B), i.e. that ¢¢g)y = g»(B). But then,
by our definition of «, this precisely means that £(8) = xf.

Now a quick example which will help us down the road: We want to compute *x(e”! A --- A ePk). We
use the fact that x is an isomorphism, so we can make an educated guess and just check it works. Whatever
it is, it has to satisfy

(PP Ao AePRY A x(ePL Ao NePR) = g(ePt Aeo- AePR L ePt Ao A ePR)vol = (—1)vol,

where s is, again, the number of elements in {e”!, ..., eP* } with negative length, or (—1)% = gP1P1 | gPkPk,
This means that x(eP! A --- A eP¥) has to consist of the wedges of the basis elements that we don’t have in
ePl, ..., ePk. Thatis,let {vi,...,v,_} be complementary to {p1,..., pr} in {1,...,n}. Therefore,

ePL A ANePEk AeVt Ao A eV = gPLPEVEVi—kyq]
With this, we then see that

*x(ePV Ao AN ePR) = (=1)€PtPEVLVn—k (V1 A ... A @Vn—k) (no Einstein sum).

3 Making it useful: formulas in coordinates

This is all nice and all but we want to compute the star of a form explicitly if we have it in terms of some
basis. Can do! Let el, ..., e" be an orthonormal basis of V. By definition, we have for any «, 8 € AK V,
that

aA*xfB = g(a, f)vol.

In components with respect to the orthonormal basis, this is

1
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Again, we choose @ = eP! A --- A ePk, 5o that we obtain

1 8p1,,.pk ("(ﬂ)v1 v Aeul...ukvl...vn_k —
wVn—k

1
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On the right-hand side, we have
U1Al Wi Ak SP1--Pk __ 9P1--Pk QA1... Ak
gt gy e P = 85 TP :

But now recall that §2'?* is non-zero only when there is a permutation ¢ such that ; = p, ;). Then we
Ak @)

have

P1---Pk gA1...A 2
311.”)&1;/3 1Ak — 55},(1)’).’.‘.%(,()/3’)"“’ Po(k) — Z sgn(o)fPe Pt — Z sgn(o)2 PPk = k1 BP1Pk .
geSy geSy geSk
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On the left-hand side, we have something similar:

5;01 Pk GMI Mk V1V — )PP VI Vn—k

When we put it all together, we get

(*,B)vl Vn—k €PLPEVLVn—k — ,Bpl"'pk )

1
(n—k)!

We are nearly done! We only need to get rid of that Levi-Civita symbol on the left-hand side. To do so,
consider the sum{1]

P1.e-Pk V] Vy—k
€ " GPI-'-Pk/llm/ln—k‘
The only terms of the sum that are non-zero are when {p1,..., pr} is complementary to both the sets
{vi,....vp_gtand{Ay,..., A, }in{l,...,n}. Thisimplies that the sumis non-zeroonly if {11, ..., A, _r} =
{v1,....vy—k}. Then suppose that there is some 0 € &,_x such that A; = v,). Without the Einstein
convention, this becomes:
Z eP1PRVL=Vn—K e piVa() Yoty = Z sgn(o)ePt PRV ke vtk
PlseeesPk PlseensPk
— Z Sgn(U)(Gpl'"pkvl"'vn_k)z
Pls--5Pk
— Z Sgn(o.)(epl...pkvl...vn_k)Z
P15e-+5Pk
= klsgn(o).
In conclusion, we have that
— Y
€P1++PkV1---Vn €py ity = k! 8 Ar;l;

With this, finally we obtain

k! Vnk
( k)'( :8)111 Vy— k An = k'(*ﬁ)k]...ln_k'
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(n k)‘
Now we put it all together:

k'(*ﬁ)/h ~~~An—k = prl Pk Epl ...pkll ...An_k ’
ie.

1
(*IB)/M Ak — E:Bplmpk €p1eePi A Ak

And we’re done! Right? We’re done, right? ... guys? What’s wrong?

What do you mean you want it for a general basis?
Okay let ul, ... u™ be some basis, and let A be the change-of-basis matrix from the e to the u basis,
such that
ut = A jej .

'Here, the Levi-Civita symbol with lowered indices is not lowered with the metric, i.e. we consider (but only for the Levi-Civita
symbol!)

W1l —
€ = €y

This means that we are not allowed to raise or lower the indices of € with the metric. It is just a convenient symbol for adding things
that does not represent the components of a tensor!



In this new basis, the volume form is not u' A --- A u™, but these two are non-zero top-forms so they’re only
scalar multiples of one another. Explicitly,

1

u /\~--/\u”=A1M AT et A netn = AL AT el nel A A e = det(A)vol.
1 n M1 Mn

“w

What is det(A4)? Fortunately we can calculate it easily: Let g, be the matrix representation of g on the
u-basis, namely

[gu]"" = gu",u”).
Then
[gu]"" = gu",u”) = AM,oAv)Lg(ep’ek) = Aup[ge]pAAv/\ =[4-ge- AT]MV,

where g, is the matrix representation of g with respect to the orthonormal basis, i.e. ge is diagonal with £1
on the diagonal. Taking the determinant we get

det(gu) = det(4)” det(ge) = (—1)* det(4)?,
with s being the number of negative eigenvalues of g, (also known as the signature of the metric). Thus,
det(A) = £+/|det(gu)l,

where the sign depends on the orientation of the u basis. Thus,

ul A-oo AU = +4/| det(gy)|vol.

With this we can find the expression for * with respect to any choice of basis. In the u basis, we have
1
—
kl(n—k) "
£/l detgy|
T kYn—k)!

@ A*f = R

Cpy...pux (*:8)111 Vn—k et FkV1-Yn—k o]

And thus we can repeat the same process as we did above, just that we need to carry the /| det(gy)| on the
left-hand side for the whole ride. In the end, we get

1 1
i_—ﬁplmpke I AL Ap—
k! | det(gu)| P1.--Pk A1 n—k

Alright before you say anything, yes, I know that this is not the same equation that you’ll see basically
everywhere else; the determinant of the metric should in the numerator, you say? Yes, but actually no. See,
here we worked with the exterior algebra of a vector space V, not its dual. In practice, with differential
forms, we’re working with the exterior algebra of differential forms, which are dual to the tangent spaces.
That changes the formula a little bit since the matrix of the metric on the dual is the inverse of the matrix in
the tangent space.

*Batodpr =

4 On differential forms

Before jumping head-first to differential forms, let’s see what happens when we try to apply all this on the
dual. If we have a metric g on V/, it induces isomorphisms g, : V' — V* and g” =(g,) ' :V* = V,given
as

g ()(u) = g(v,u)
for all u, v € V, and similarly, for all @ € V'*, we have that gﬁ (o) € V is such that

g(g% (@), u) = a(u)



for all u € V. If we take a basis INDEX SWITCH ALERT) uy,...,u; € V, and write v = v*u,, then
what are the components of g, (v)? If u!, ... u* is the dual basis of V*, then we can write

g (v) = (gp(v))

where
g () = g (W) () = g, uy) = v gy, uy) == v"gyp.

Here we write g, = g(uy,uy) as the components of the metric in this basis. We call this lowering the
index of v, and we simply abuse notation by writing g, (v) = v,ut, with vy, 1= vV gy,.
Similarly, if « = oj,u”* € V*, then we have that

oy = aley) = g(gh (@), ev) = (¥ (@) g, uy) = (g% (@) gpuv.

Thus we can invert this matrix equation and write
. -1
(gF@)" = (g™ ay,

where (g7 1)V are the component of the inverse of the matrix of g.
So far so good. Now we can simply pull back the metric g from V to V* using gﬁ, and define (using the
same symbol), for any o, B € V'*,

g, B) = g(g*(@). g*(B)).

What are the components of the dual metric with respect to the u!, ..., u" basis? Well we compute

g’ = gle',e”) = g(gh(e"). g (") = (gTH™ (717 g((e")geq. (e¥)sep)
= (g7 )™ (g7 g(ea. ¢p)
= (g—l)oe,u(g—l)pvgap
= (g~H".

Thus the components of the metric on V* are the components of the inverse of the metric on V. We drop the
clunky ~! from now on since there is no ambiguity: g#¥ always means the components of the inverse of the
matrix with entries g,.

Now we’re done! Let M be a smooth manifold with a Lorentzian metric g. We will apply all this,
pointwise, to the cotangent spaces of M. By definition, g is a smooth tensor field on M which is point-
wise a metric gx : Tx M x TxyM — R. This metric induces a metric gd“211 on T} M via the isomorphism
(gx)’i : TYM — TxM as above. Now we define the Hodge-dual pointwise but on the cotangent space, so
the metric we use is the inverse of the metric on 7M. That is, in the notation of section2we let V = T M,
so that the Hodge star is * : Q’;(M ) —> Q’}C_k (M), but in this case the components are

il;ﬂplmpke 2 2 — i—\/lw(gu”ﬂpl...pke ,A 2 ‘
k! /|det(ggual)| P1---PkAL- An—k k! 1Pk A oA —k

If you look at this expression, it is obviously smooth since the components of g and 8 are and det(gy,) is
non-zero. Thus we can happily extend  to be a global operator

*B)ayrpy =

*: QK (M) - Q" (M),

2yes... I know that we don’t carry around the ~1. Just gimme a minute okay?



5 A neat example: de Rham vs. curl, grad, div

Now let’s make it explicit. We consider M = IR3, with its natural euclidean metric g, and coordinates x, y, z.
The volume form is simply
vol = dx Ady Adz.

Now let’s see what » does to 0, 1, 2, and 3-forms. First, recall thatif e!, ..., e" is an orthonormal basis, then
x(ePV Ao A ePR) = (—1)5P1PRVIVn—k (gV1 A ... A @Vn—K) (no Einstein sum),

where s is the number of elements in {e”!, ..., eP*} with negative length, and {vy,...,v,_x} is comple-
mentary to {p1,...,pr} in {1,...,n}. Now a O-form is just a smooth function, say f, and we simply
have

*f = fvol = f(x,y,z)dx Ady Adz.

Now for one-forms, the above result tells us that
*x(dx) =dy Adz

*x(dy) =dz Adx
*(dz) = dx A dy,

so that
*(wxdx + wydy + w;dz) = wxdy Adz + wydz Adx 4+ wdx Ady.

Similarly, for 2-forms we have
*(wyzdy ANdz + wzxdz Adx 4+ wxydx Ady) = wydx + wzxdy + wxydz.

For 3-forms,
*(fvol) = f.

Now let’s talk about grad, curl, and div. Just as a reminder and for the sake of completeness, let’s write
them down. Let U € M be an open set. Then we define grad : C*°(U) — X(U) as

af d +3f g 9f 9
9x dx dy dy 9z 0z

We define curl : X(U) — X(U), defined as

9 5 5 af7 AfYN 8 (ofF aft\ 9 [(afY oY
1 rx L vy z 9\ = A g 2 g9
cur (f ey T 82) (ay 82)8x+(82 ox Jay T\ ax T ox az’

and finally, div : X(U) — C°°(U) given as

grad(f) = tt( df).

diV(fx%-i-fy%-i-fZi) _ af* N afY n af

0z 0x dy 0z
It is an elementary exercise to prove that curl o grad = 0 and div o curl = 0, so that we have a complex

curl

0— W) % 2 W x) B c*w) - o,

called the ged complex.
Now let’s compare this to the de Rham differential, explicitly to be more clear: for a O-form,
f af af

df = o-dv + o-dy + - -dz.
f= x g+



For a 1-form,

d d ad ad d ad
d(wxdx +wydy + w;dz) = ( @z _%)dy/\dz—i—( g;x - aa)):)dz/\dx—k(%—aiyx) dx Andy.

And for a 2-form,

dwy, dwzx = Odwxy
ax ady az

d(wyzdy Adz + wzxdz Adx + wxydx Ady) = ( )dx/\dy Adz.

This tells us that there is an isomorphism between the gcd complex and the de Rham complex, given as
¢o : C®(U) — C*®(U) being simply ¢o = id. We also have ¢; : X(U) — Q1(U) as

0 i d
b (f5 = 7 S ) = S SRy SR
ax dy az
i.e. ¢1 = gp. We also have ¢, : X(U) — Q2(U) given as
X 8 8 z a X z
| ff—+fP—+ fFP— )= fYdy Adz + fPdz Adx + fZdx Ady,
0x ay 0z

which we can identify as ¢» = * o g}, Finally, we have ¢3 : C®(U) — Q3(U) given as

$3(f) = fdx ndy Adz = *(f).

By construction, we have ¢9 = idcoo(r), 1 = &b, P2 = x 0 g, and ¢p3 = *, all of which are isomorphisms.
Now we need to check that the diagram

grad curl

0 —— C®WU) =5 x(U) —2 2 U) 2 Cc®(WU) —— 0
lcbo l¢1 ld)z ld)s
0 —— QU) 45 Q') 4 @2) —45 3(U) 45 0

commutes... but this is a straightforward, albeit a bit boring, computation. Therefore we have that ¢, is an
isomorphism of complexes, which induces an isomorphism in cohomology:

ker(grad) =~ H°(U)
ker(curl)/im(grad) = H'(U)
ker(div) /im(curl) = H?(U)
C(U)/im(div) = H3(U).
So suppose you have a vector field E € X(U) satisfying curl(E) = 0. When can you guarantee that
E = grad(y) for some scalar function ¢ € C>(U)? The previous result tells us that when H(U) = 0, i.e.

when U is simply connected, then every irrotational field is a gradient. Similarly, if you have a field B such
that div(B) = 0, then if H%(U) = 0, we can guarantee that B = curl(A) for some field A € X(U).

6 Another neat example: wedge and cross product

Have you noticed that the cross product in R3 behaves very similarly to the wedge product? With the
antisymmetry and all. There is, of course, a huge difference between both: the cross product returns another
vector in R3,i.e. x : R3 x R3 — R3, whereas the wedge product returns an element of the exterior product
of R3 with itself, A : R3 x R3 — R3 A R3. How can we bridge both?



On R3 we have the canonical euclidean metric g, and thus we have the Hodge star x : R3 A R3 — R3.
With this we can construct an antisymmetric map * o A : R3 x R3 — R3,
Let 1, €2, €3 be the canonical orthonormal basis of R3. We then see that

*(61 AN 62) = e3
*(62 VAN 63) = e
*(63 AN 61) = e).

Howeyver, this is the same as

€1 X ey = e3
ey X ez = ey

e3 X ey =ej.

We then happily conclude that
uxv=x*xuAv)

for all u, v € R3.

7 The takeaway

The Hodge star operator makes an explicit isomorphism between the exterior powers A*V and A" KV of
a vector space with the aid of a metric. With it we can bridge the similarities between exterior products of
complementary degrees. It also makes explicit the relationship between the cross product and vector calculus
in R3 and the calculus and algebra of differential forms on it. As a quick corollary, we saw that the existence
of potentials for certain functions depends on the topology of the underlying space (which in most cases in
physics is trivial).

With the Hodge star we will be able to neatly write Maxwell’s equations, and more importantly, generalize
them for a large class of physical fields: gauge fields.
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